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ABSTRACT
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The cloied form solution is obtained of the equations of motion of an
ideal missile pursuing a nonmaneuvering target according to the true proportional
navigation law, An analysis of the solution is performed and the conditions for
the missile to reach the target are determined.
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1. INTRODUCTION
T R CRUROMTINTR

Nost modern air-to-air and surface-to-air missile systems use a form of
proportional navigation in the homing phase of flight.

In proportional navigation control accelerations are gemerated proportional
to the measured rate of rotation of the interceptor-target line of sight.

In the literature two basic forms of proportional navigation have been
considered. These two forms are generally labelled, pure proportional navi-
gation (PPN) |2| and true proportional navigation (TPX) [1|. In PPN commanded
accelerations are applied mormal to the missile velocity. In TPN commanded
accelerations are applied in a direction normal to the interceptor-target line
of sight. In both cases no closed-form solution is available, and linearised

analysis was spplied to study these two forme of proportional navigatiom,

Applying qualitative methods for the analysis of PPN |2| it was demonstrated
that, provided a set of conditions relating the ratio of velocities and the
constant of navigation, are fulfilled, capture can be assured for any initial
nonditions excepted for a precisely defined particular case.

In this study ve determine the closed form solution of the differential
equations describing the trejectories of a missile pursuing a nommaneuvering
target according to the true proportional navigation law. The solution was
amalised and it is demonstrated that capture is restricted for the cases vhere
the initial conditions belong to & determined circle, defined as the circle of
capture. In particular it can be shown that even if the missile is initially




approaching the target there exists an entire regiom of initial conditions
vhere capture camnot be assured. This strongly differentiates the two forms
of proportional navigation as opposed to previous linearised ammlysis where
equivalent results were obtained for both cases [1[, [3[.

An analysis is also made of the behaviour of the rate of rotatiocn of
the line of sight for the case where capture is assured. New results relating
to the boundedness of the LOS rate are demonstreated.




2, PROBLEM STATENENT

midercmsat!anduasilolupointsmaphnelwvinguth
velocitiea Vl.a.ndvl respectively ae shown in Fig. 1. The uystucnn
be described in a relative system of coordinates with ite center at ? and
axis Tx along the straight line trajectory of the target.

In true proportional navigation |1| (TPN) the missile acceleretion

commanded, ay, is applied pormal to the line of sight, as opposed to pure
proportional navigation 2| (PPN) where the missile acceleration commanded

is applied pormgl to the miseile velocity, as depicted in Pig. 2.

The equations of motion of the missile are derived in the following
form: :
Letting a dot denote differentiation with respect to time, the components
of the relative velocity from missiie to target are,in polar coordinates

Vesta Vi Cotel -vTCdO (1)

v,- l'é = v"sﬂd + VTS‘A-O (2)

nmmmmmmmmmmmumw

to the line of sight angular rate

d, = cd (3)
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H Fig. 1: Planar pursuit, true proportional navigation




Fig, 2: llanar pursuit, pure proportional navigation
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where in TPN ¢ ia generally defined as |1|
C= -)VQ (4)

with x the navigation constant.

From the kinematics of a point
d:. .’\'?“ +T£Kv:q ()
vhere
Do ¥k (6)

is the angular velocity of the missile system of coordinates (i, Jj, k)
with respect to an inertial reference.

Developping (5) for the TFN case,

i — Qg Cotel (1)
Vm
vus o PASTNA (8)
Prom Fig. 1
Y= o406 -2n (9)

Differéntiating (9) with respect to time and rearrenging

0.(-3-9' (‘Oi’




-] =

Replacing ¥ frn (7) into (10)

L= -Gu@“#-é (11)

Differentiating (1) and (2) with respect to time

'Vr:v“w—VMw& +V1 S‘ﬁeé (12)
"Ioz \.Iusinct-t-vnaw&i-v-\-wOé (13)

Replacing %' and & from (8) and (11) respectively into (12) and (13)

U s (Vi simed 4+ Vp 5. 8) @ (14)
Vo= - G = (Vo ~Vrc026) 0 (15)

Introducing in the right hand terms of (14) and (15) V. and Vo
instead of their values as defined in (1) and (2)

'Vr IVQé (16)
\.IOI -QM —vr é (17)

Finally replacing V_ by I and Vg by o in (16) and (17) and
rearranging

[4

$-vé%0 (18)

8 +2+0n -0p (19)

S e et S A A A
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Replacing a, from (3) into (19) and rewritting (18)

$-t0'=0 (20)
8+02140)640 (1)
H (20) and (21) are the two well kmown equations of true proportional navigation

1 |. The solution of this nonlinear system of differential equations will
provide the trejectories of the missile in the relative system of coordinates
previously defined.

e it _J




3. CLOSED-PORM SOLUTION

In the classical theory of true proportional mavigation it is tacitly
assumed that the system of differential equations (20) and (21) is not
solvable in closed form. Moreover, it is admitted, without proof, that
the missile follows a straight line trajectory towards the pursuit end.
The analysis that followed only considered small perturbations with respect
to this final streight line trajectoty.

In this study it will be shown that in fact there exists a closed form
solution for system (20), (21) and this closed form solution will provide us
with the conditions under which the missile capturesthe target.

Replacing ay from (3) into (17) !
lo = ~(ctVe) 6 (22)
Veu Vo 6 ()

Wultiplying (22) vy Vg and (23) ty (¢ + V,) respectively and sdding theb

YoVo + V, CetVe) =0 (2¢)
Rearranging

%, *t(\l}db) +¢ ﬁ-c (25)




Integrating
VG +¥ +2cVrma (26)
vhere
@z V&, +¥g + 20V . (27)

Multiplying (23) bty r

T\"f- V: . (28)
Subetituting V'o' trom (28) into (26)

e+ Wizceaa | (29)
Substituting V_ by # into (29)

. ' ]
fr+PpReraa (30)

Bquation (30) is an equation in r only. At this stage r and ©
are separated.

Let differentiate ﬂ" with respect to time
ﬁr&)-ﬁ"ﬁ" ; (31)
Replacing (31) into (%)

t(ri') +c=$- & . (32)
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Integrating
friecraat+b (33)
where
b=ff, +0c1;. (34)
Let now
T2 Yermten (35)

where y is the new independent variable andm and n are two reel constants

Substituting (35) into (33)
(j+mt )y + (acem)y + (me2dnt s (m2Inmat+b (36)
Let m and u be such that
(me2dm=a (37)
and
n= mb/a. (38)
With thege values of m and n (37) reduces to

Cymhn)ﬁ + kyso (39)

where

Kewmsle (40)




—
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Before we proceed further it is important to remark that (37) has two
solutions for m

Myx -+ {F4a (41)

Mys —c=Jciea (42)

Given the fact that (33) fulfills Cauchy Lipschitz condition for any
real t and r # O it is sufficient to consider the solution for only one
of the values of m. The other value will provide the same solution for r.

Let in consequence m = .

(39) is a homogeneous equation I4| and the variables can be separated,
This equation is solved in Appendix I and the solution for y is

m/k 3
@) {ﬂ{%s: w (43)

where

X-t-\-n/m (44)

and Yo and Ty are the initial values of y and x respectively and
are obtained from (35) and (44) for t =0

Xos wfm e bz (45)

You To=n (46)




- T =

Once the solution for y is obtained, r is obtained as shown in

Appendix II.

The result is

e (pz™ v )

where Z= !/39

is defined by

fz"'/“- gz-nx

Note that 2 (XJ)w Zox Yo/Yo= 4

(47)

(48)

(4

(50)

Hys Boo P and q are all real constants respectively defined by

rl-l:l'_@.
2V 9%4

30 5
i

where
9= Vst
Vool
and

i~ dadall

(51)

(52)

(53)

(54)

T
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A D)
g= %‘.’;k’ .‘{.‘z (55)
Note that from (51) and (52)

o< Nisi (56)
OF a4 (s7)

Once the solution for r is obtained, 6'and'e'are obtained as shown in
Appendix III.

The result is

6., 280" ()

v oz

0.6 - Qs&rt(é.)aadi (e

£ > (59)

where

O« 6, L5ip (60t ( P#‘ s (60)




—
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4. ANALYSIS OP B SOLTION

In order to analize the solution, the signs ot a and b will
first be determined.

From the expression for a (27), it follows that if
1) (e, Vo,) €  to a circle C, defined by

Ve, + O+ V& = c?

vith center at (~6,0) and redius ¢ , then
aco
2) (¥s,Vod) € to the circumference of C_
- Quw QO
3) Cie, Voo & Ce
a>0
From tne definition of b (34):

t) b<0O for Vg(-QQ
2) b>0 for Vfo7’ﬂ-°

In Fig. J we have depicted, in the plane Vﬁ ,V.. » the circle co and

the straight-line y«fo--Mo




i

\\\\\\\\\\\\




S

Representing now the above results in table form:

Case & |8>0,5>0 | (Ve Vo) @ Co, Vo> =2c
Case B |8<0,b>0 Vo € S

Case C |a>0, b<0 V< =26

Case D |a<0,b<o0

Case A) a >0, b>0
Rearranging equation (33)
r(r+2d)=at+b (61)

FProm (61) it follows that a necessary condition for the missile M
to reach the target T (r = 0) is

G.‘t+b-° for é-q : O(tq <0°
On the other hand

at+bz0 for t=t,

it and only if

a.b<o (62)

THEOREN 1: A missile M pursuing a nonmaneuvering target T according
to the true proportional navigation lav and starting its oourse at
M - "‘ (f,,‘.) where

CVf.,VO.)# G , Vu»-2¢




will not reach the target for any real t.

Case B) a <0, b>0,

From (41), with a <0 it follows

Me M,e=c+ic+a < O (63)

Substituting this value of m into (40)

kem+2c = c+YSita 0 (64)
and
m+k = 2Ycva >0 (65)

It follows then

o0<-m/k <4 (66)

O<(mek)/k<d (67)

Fow, from (54) and (55) we have
p<o (68)

Q7o (69)

and from (55), (67) and (57)

0< Y = -qunE_k)'A, <% (70)




Veamumtatudysuamumonnmmeam(49)
For t=0, x-xoub/a,andloﬂ.
For x = 0 it follows g = O.
Differentiating (49) with respect to x and rearranging
volke4
?a-k_z___’w (11)
X o (i + pa ™R

hence with ¥ >0

:J;z‘ <0 (12)

sl fronlse), m/k + 20 , ttus

o ?-O (73)

¥ith all these elements g is depicted as a function of x in Pig. 4.
y as a function of x is directly obtained multiplying £ by vy, 88 depicted
in Fig. 4., From (44) it follows that y as a function of t is obtained trens-
lating the origin along the x axis by n/m = b/a. This is depicted in Pig. 5.
Finally, recalling (35), r is obtained by adding to y, mt + n:. This is also
depicted in Fig. 5. '

It results in consequence that r = O for t = =b/a. The missile reaches
the target in this case. ‘

The value of t

e bty 4 (ﬁ) v,,cwwwt.] i

is the final time of the pursuit.
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Fig. §:

r and y vs. time t




It is vorth while to remark that mv.z,so,'t_‘- -a as we should
expeot.

In what concerns the closing velocity, differentiating (35) with respect
to time t.

= Yem (75)

Now, from (44) and (48) it follows

bt

From (73) for a-o(t-tf)

3@ (=0 (77)

Hence

f

The angle ©  is obtained from (59). For s = O.

O Gu Ous Asipld) Lol (‘;f.)lh (19)

Vg' o me =cay(VrecheVd, (78)




THEOREN 2: A missile N pursuing 8 nonmaneuvering target T acocording to
true proportional mavigation, starting at X o(ro' oo) such that

e, -VOO) € Cc (80)

reaches the target at a finite time

tefe (@[4- v,\,,cé:’wgml (81)

Noreover M arrives to T with a closing speed

Ve= VT;-—OA-J CVeC)o 4 Vo (s2)

at an aspect angle

12

0: ¢ &, 420pld)anh m@] (83)
% ,”T [ Vet J (Ve €)%+
Remark 1: The conditions to capture the target depend on the initial

conditions and their relations with c.

No conditions at all are imposed on v = V./V.!, the retio of velocities
as wvas the case in pure proportional navigation. Bven wvhen v <{ capture
is possible.

The rate of rotation of the line of sight plays a fundamental role in
missile design. For a stable functioning of the missile it is essential
that © should be bounded.

Prom the expression of 6 , (58)

6u g, Zonh o
(r' N r.znlk v )2

i T g




it follows that if k>0 and

1) m+k<O

then LM ‘é"“
ZA0

2) m+k=0

1“ és éo/“\‘
240
and

3) m+k>0

Qub=0
Z40

(84)

(e5)

(e6)

Substituting for m and k their values given in (63) and (64) into
(84), (85) and (86) and rearranging we obtain respectively that if

1) (Vr,.Vo,) e C; 3 where C_ is a circle defined by

Ve + taVe, = ( c/e)?

then Ql'll- \é‘rv
£

2) (Vg Vo) €  to the oiroumterence of C,

qwé: é./r.‘
L
» (ko) ¢ C

k\éro
LG




Let us determine now the value of é . Rearranging (21)
6= - (197 6 (e7)
r

From (75) and(76) it follows

T2\, % £ (e8)
Substi tuting ﬁ defined in (71) into (88)

m/k 44
0O paz!)
Substituting r, £ and © fram (47), (89) and (58) into (87) and

’ (Sm
9= -6 _;___'”_‘)_’“S.p.mmﬁm_zu"_“_l (%0)
kbo)4

e

‘i': & ) (89)

Now
Cims anf.k (91)
thus, ¢ + 20 >0 if C\Q,,Vo,)ﬁ Cs and o+ 2n <0 for (Vn.Ye)6Cs.
c-2ks —¢c-2J&a <0 (92)

Por ¢ + 28>0 , there exists s

c,m)%k

Z=Z = (-k((?-%k) (93)

such that if

Z <A




then 6&4)-0 for 0<‘l:1 <1:f,lvhe:.'et1 is such that l(t1)-z1.

Substituting Hys By @ and k into z, it is readily shown that 5, <t
it
Vo< -c/2 (94)

Moreover, for g > 51 (t < t1)

S«r(é).-. Sﬂw(éo) (95)

and for s<z1 (t>t1)

S (8)= -'ir(é-) (96)

It follows then, that for é.,)O (é.< 0) é(t) has a maximum

(ninimum) at t = tye

In what concerns the value of b at t =0, it is directly obtained
from (87)

B, ~(erava) ( %:) (97)
Thus, it Ve > -¢f2,,
S 6.)= -s.-r(é.) (%8)
and 1f Vy, < -cfa
s‘r(é.), S?‘ (60 (99)
Por t= tf. it

1) Sm+k<O (100)

Z90




2) Sm+k=0 (101)

Bﬂ.a' —5‘ (Qwo

ze0 B M
3) Sm+k>0 (102)

biw6=0

Z90

Substituting m and k into (100), (101) and (102) we obtain, if

1) Oy, Vo) € & vhere Cp is a circle defined by

Oy, +O)* + V6, = (2cfd?
then
Ed‘t‘

2) Ve, Ney € to the circumference of Cp

fin . - 8o (caam
2 T
3) (Ve Voo % o
' é' =0
bt
In Pig. 6 all the three circles Cc, c. and cn and the straight line
V"o' -0/9. are depicted.

Por the case 1), (Vr,.Va.)G Cp » Previously considered we can
distinguish between three subcases




- 32 -

‘vfo

/P

N
~ .
C+3ImcO-
——
-2¢

¥ig. 61 The sones 1 to V




1.1) O, Vo) € G
ba & « (S (60) 00
ik
1.2) (¥, Vo) €  to the eirousterense of T,

&ét()

&ot_f

1.3) b, Vo Cg

Qs © o _[$:u(09) 00
M:) [ﬁrwa]

Ve can distinguish now five different sones, demoted I to V.
1 Vy>-ce, (Vr,,‘Jo.)¢ Cy, € Ce

olg)zo, 8lgs0
3&1\\ (O)= - Ss'r\(eo)

m) N >-ef2, (g, Vo) e Cp €&
=0, 8lbg)e ~[Sin(63] o0

1) ‘v,eCSIG Co
d)moe | Sl mrcé.n.o

s-.rté), s«rléé




) Vo<-6f2, (Vo) ¢ G €, €4
6tp=o, §(t)m - Lsi (@)ee
e haaanextmum(mxmnrgré.,o ) for t=t
Sau (8= SR
V) Vos-fz, (N, Vode &, € G
.G(k,})=.0, é(l?)-o
© has an extremm for t= t,
S (8) = Sige (&)

Representing now © as a function of t we obtain the five differemt
curves depicted in Fig. 7.

1

THEOREN 3: The commanded acceleration of a missile N pursuing a
nonmaneuvering target T according to true proportiéml navigation

Q“- Cé

for M starting its course at l(o such that

(Ve Vo) € Cs, €Ce
is a bounded function of time (zones I, II, IV, V).

For

Vy, .Vo.) €

( sone 1II) 8y becomee unbounded at the pursuit end.
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Fig. 7: Line of sight rotation rate vs. time for (V. Yo,)
belonging to sones I to V.
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Case C) & >0, b <O.
For this case
m>0 (103)
and k>0 (104)

From the expression (47) of r it is readily seen that for m/k >0
there does not exist any real t for which

r=0 (105)
In consequence it is obtained the following result

THEOREM 4. A missile M pursuing a nonmaneuvering target T according

to true proportional navigution, starting at )lo where

\y, <-2¢ (106)

wili not reach the target for any real t.




5. A PARTICULAR CASE

The system of differential equations (20), (21) has the particular

solution
=0 (107)
t=0 (108)

as can be directly proved by substitution.

In terms of Vr and V., this solution corresponds to the case

©
V9=o (1(9)
V= cfe, (110)
In the plane Vr, Ye depicted in Fig. 8, this particular case corresponds
to the points belonging to the straight line Ye_- 0.

For Vr < 0 the missile reaches the target without maneuvering
Oy=¢0« 0 (111)

In previous works |1| the analysis of true proportional navigation
was restricted to the neighbourhood of this particular case

Ng 20 (112)
Vexch (113)




|

Pig. B: The case Voo, Vi = g
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In this case, as previously mentioned,c ie defined as

e=-\Vy (114)

where A is the navigation constant.

It follows from the results of the previous section that the missile
reaches the target for No2' O it

V<0 (115)
and
Nt > -2¢e=m 2)\Vy (116)
that is
2o, (117)

In what concerns the rate of rotation of the line of sight we can

distinguish between five different cases
D 3< A
1) 2< X<s3
111) 2/3 <>~ <2
W) 3/5<X<2/3
V) 1/2<A<3/5

These five different cases are depicted in Fig. 7.




SUOURT D CONCLISIONS

In this study it was derived the closed form solution of the differential
equations describing the trejectories of a missile pursuing a nonmaneuvering
target according to the true proportional nmavigation law,

The solution was analiged and a circle was defined where capture can be
demonstrated. For the case of initial conditions belonging to the eircle of
capture the rate of rotation of the line of sight was analised and new results
were found concerning its boundedness at the pursuit end.

The point of greatest interest in this study is the fact that the analysis
of the closed-form solution of TPN enabled to demonstrate the basic differences
existing between the two most utilised forms of proportional navigation.
Essentially, when in PPN capture of the target can be assured for the entire
plane of initial conditions, excepted a well defined particular case, in TPN
capture is restricted to the here defined circle of capture.
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APPENDIX I
EEETEERTES

Solution of
(Nemben) kysO
4 3{ ¥ J=
Let
ta X - n/m

Substituting (119) into (118) and rearranging

33 = -ky
Jemx
Defining a new variable u instead of y

d- ux

Differentiating (121) with respect to x

3&.&4-&%

Substituting (121) and (122) into (120)

xdy +ul-k$
ax

Uem

(118)

(119)

(120)

(121)

(122)

(123)




———

-4y -

Rearranging

dx - = Cuem) (124)
')% » [us (medd w 45

Integrating (124) with initial conditions Ws\, , X(tsQdwXes ﬂ/m

" v wemelk 'M'“} X (125)
Lﬂ( uumvk) Xo
thus

(u..+m+k) -

Substituting u from (121) into (126) and rearranging, with You LeXe

o (z:f:;**’:.)“" o

Bliminating x/x. and elevating to =(mai)/k

(1" (yacnsiar).. 4




APPENDIX 11

The solution for r is obtained as follows:

Let

Ze \//y,

Rearranging (128) and substituting y by s
X= l:»z""/" -4z

vwhere

'f’ .ﬁu & %o

=
it
Substituting x from (130) into (119), and the corresponding
va.ue of t 8o obtained into (35)

fe mfz’"‘"’ +9kz

where k?- Youm4 .

(129)

(130)

(131)

(132)

(133)
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From (27) and (41)
Me=ct NVeicP+ Vo (134)

thus, from (40)

ka c-h/(anc)"oV}. (135)

mik w 2 4(Vr +c) #Va, (136)

Substituting now X, feom (45) and Yy, from (46) into (131) and
(132) and rearranging

’f’ mink (137)
m(ma4 k)
and
s Be=n (138)
mele

Substituting k from (40) into (37) and the value of a so obtained
into (38) it follows

nk= b (139)
Multiplying (131) by m and replacing nk from (139)

mpw mYs+ (140)
m Kk

Substituting nov m, b and m + k by their values ‘given in (134), (34)
and (136) respectively and rearranging

™pa T M:f&m) (141)
2 N(Vgeee ey




Let us define

Vs Vgec
\v’o‘
Substituting into (141)

ansf‘,,t.

where

Substituting now (139) into (138) and rearranging

qke ke-b

M+ k

from where it follows
kq =T rz

where

(142)

(143)

(144)

(145)

(146)

(147)

Substituting now mp and qk from (143) and (146) respectively into (138)

=% (p . pa2)

This is the solution for r as a function of s.
defined in (130) with x defined in (119).

s is implicitty

(148)
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APED 11

The solution for © , the rate of rotation of the line of sight, and ©

the aspect angle, is obtained as follows:

b b3

Differentiating (129)

ér %4

Differentiating once again

ey 2

Differentiating now (35) twice with respect to t

i

Substituting (151) into (152)

tay e

Differentiating now (130) with respect to x and rearranging

& w/kad
if' Yo (it pee™ht)

(149)

(150)

(1%)

(152)

(153)

(154)




Differentiating once again with respect to x and operating

w4
fa-L1®)g- %.). (155)

Substituting (155) into (153)

. b
T V02> (156)
B (s pazen)?

Rearranging (20)
éﬂ = '?'/'f'

(157)
Substituting r from (148) and T from (156) respectively into (157) and
rootsquaring

é = éo _Z“'t;”___ (158)
('(H» l“zuﬂm)ﬂ.

This is the solution for the rate of rotation of the line of sight as
a function of g defined in (130).

© is obtained as follows

o Ko

Changing the variable x by s,

vhere for :-xo,y-yoandmwtly
s =

0-6vn f[ é(z) 3;2] de (160)
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g - -alprnat)

Substituting (158) and (161) into (160)

oo -V‘f{« p.q(.z“ 1

P znk +

dz = l<_§_m AR ds
ma-le

Substituting into (162)

0-6 = -\_,Qos ___5_.’/' ds
mek Ni4faS
Hence

0-0re 25 (Vo0 dnty (5’.04‘,7

Substituting s by z as defined in (163)

Oa -zsr(VQ dovd? ()9 z’"ﬁ“ § +6

where

6 n & +25pn (W) b (ne':)"z

(161)

(162)

(163)

(164)

(165)

(166)

(167)

(168)




